1 Introduction

TBD

2 Preliminaries

Definition 1 (bC® space). bC?* is the space of bounded a-Holder functions normed by

[|fllsce = sup|f(z)|+ sup M
r ety T —Y®

Definition 2 (dyce on P(RY)). We define on P(RY) the distance

dpca(p,v) = sup /f w(dz) — v(dr)).

[Ifllce <1
Definition 3 (MKV SDE). A MKV SDE is an SDE of the type
dXt = Bt(Xt, [Xt])dt + Et(Xt, [XthWt,

where Wy is a N -dimensional Brownian Motion, the coefficients are functions B : Qx [0, T| xRN x P(RY) — RN
and ¥ : Q x [0,T] x RN x P(RN) — R¥*N and lastly [X;] is the distribution of X;.

Assumption 4 (Structural Assumption). Consider a MKV SDE where the coefficients are defined as
Bt = [ Mt St = [ o),
RN RN

where b and o are deterministic functions of b: [0,T] x RN x RN — RN and o : [0,T] x RN x RN — RN*N,
In particular the coefficients are deterministic and the dependence on the distribution is fized and integral-like.

Assumption 5 (Non degeneracy). The diffusion coefficient ¥ defines a uniformly parabolic operator, precisely
1
x>0 s.t. X|U|2 < (Z*(t @, w) X (t, @, ), v) < Mpl?, Yo € RN Y(t,z, 1) € [0,T] x RN x P(RY),

a sufficient condition for this to occur under assupmtion[] is if o is a uniformly positive definite matriz.

3 Results

Theorem 6 (Non-degenerate case). Consider a MKV SDE under assumptions and@ with a-Holder bounded
coefficients in (z,y) uniformly in t and initial distribution uy € P(RYN); then we have weak existance and
uniqueness of the solution of the MKV SDE.

4 Proofs

Proof. of Theorem [0}

The core of the proof is a contraction argument on the space of the flows of marginals, indeed if it is possible
to show that the flow of marginals is unique it can be fixed in the MKV SDE to reduce it to a classical SDE,
at this point weak well posedness results for classical SDEs will conclude the proof.

To begin if we consider a flow of marginals (u¢):e(0,7] € C([0, T}, P(RY)) and fix it inside the coefficients we
are able to construct ”linearized” coefficients and a classical SDE

BH(t,z) = B(t,x, put), Sh(t,x) = B(t, x, ),
dX! = B*(t, X!")dt + Z*(t, X} )dW, X~ po.

We first notice that the function y — B(t,z, u) € C(P(RY),RY) since
|B(t,x,p) — B(t,z,v)| = ‘/b(t,x,y) (n(dy) — v(dy))| < |[bllpcedpoe (1, V).

Indeed the bounded a-Holder distance metrizes the weak convergence, the proof will be postponed to the
Appendix as theorem [7] Thus since as a function of ¢ B(t,x, u) € L° we have that B* € L*°([0,T],bC?*). The



same is true for ¥#. For this reason due to Theorem 18.2.3 and 18.2.6 of [4] we have weak well posedness of the
"linearized” SDE (with solution X*), existance of a fundamental solution and uniform gaussian estimates. In
particular p#(s, z;t,y) will be the fundamental solution of

(0s + AL)p" (s, @5 t,y) = 0,
(at - (Af)*>p'u(8, T3 tvy) = 07

where A is the infinitesimal generator of the ”linearized” SDE:

N N
1
A =3 >t a)0n,a, + Y BY(t2)0n,,
i,j=1 i=1

with (Cﬁj)i,jzlf"N = 3*3.
At this point we may define respectively the forward and the backward translation operators via (j¢)¢cjo,7):
t,s o . N
U, *u(y) = /p”(s,x,ty)u(dx), u e PRY),
)t — . N
Vitu@) = [ty ue PEY),
and observe that the distribution of X}' is absolutely continuous with density
uf (y) = UL po.
Thus we may define the application £ : C([0,T],P(RY)) — C([0,T],P(RY)) such that L((1)iepo,r]) =
(LY)ieo,r) = ([XI])ieqo,r)- Less abstractly this is the application that given a flow of marginals returns the flow

of marginals of the solution of the ”linearized” SDE with the first flow of marginals.
Now we need to observe carefully the definition of dyca ([X£'], [X}]): if we remove the sup we get

£)= [ #e) (Xt)de) = (x2)(d) = [ 1) () = () o

which may be seen as an indicator of closeness between the two distributions. This is useful because by unraveling
the definition of the densities we are able to exchange the order of integration to use the backward translation
operators instead:

() = / / F@) @ — )0,y 8, 2)o(dy)de = / / F@) @ — p)(0,4:t,2)dx po(dy)

/ / / ds (/ (0,555, Z>P”<S’Z;t’w>f<x>dz) ds dz jio(dy),

Since the fundamental solutions are C'12 in the time and space variables locally around (s, z) we may exchange
the integral and the derivative

:///Ot/@ZP”(O,Z/;&Z)py(svzét,x)f(a?)dz+/p”(O,y;s,z)@tlp”(S,Z;tvx)f(QT)dZ ds dz po(dy),
by the fact that p is the fundamental solution for both the forward and backward PDEs
/// /A“ #(0, 935, 2)p <svz5tvx)f($>dz—/p“(07y%S,Z)AZp”(s,z;t,x)f(a:)dz ds dx po(dy)
= / /0 / (AL " (0,935, 2) V' f(2)dz — / (AL (0, y; 5, 2) VS f(2)dz ds po(dy)
= //Ot/p”(O,y;s,z) (A — AV VS f(2)dz ds po(dy)
= //Ot VDS (Al = AL V2 f(y)ds po(dy) = /Ot/vlj”s (AE = AY) VS () o (dy) ds.

Make rigorous: Which in some sense means that instead of transporting forward the initial law via different
flows and testing against f we are transporting backward the test function and then testing the difference
against the initial law.



At this point it’s easy to see that since pg is a probability distribution

t t
() = / / VO (AR — AY) VU F () po(dy)ds < / [VOS (A — A V3t |~ ds,
0 0

due to the definition of Vl?’s and the fact that p*(0,z; s,y)dy is a probability measure we have

t
< / | (AE — AV f||pods
0

t
<sup (|B*(s,x) — B"(s,x)| + [c"(s, x) —c”(s,x)\)/ |7 V2 fllpee + [[Hess V2 fllds.
0

s,z

Now by Proposition [§]if f € bC* with || f||sce < 1 we have

C
|Hess V' fll~ <

c
VELF| oo < — —
19 Vet e < o=, S

which yields for I(f)

1(f) SCssuf(|B“(s,x)—B”(s7m)\+|c“(s7x)—c”(s,x)|)/0 <|t—i1—3 + \/t1—75> ds

< Or|t] % sup (|B"(s, ) — BY(s,2)| + | (s, 2) — (5, 2)]) -
S,x
Now we observe that since the coefficients are uniformly b6C“ we have
5 (s.0) = B(s.0) = | [ s i) = [ (s (d)] < Clcnara)

where C' = |[b||ce, a priori it depends on (s, ) but since b uniformly b6C* it can be taken uniformly in (s, z). Tt
is also possible to prove that
(s, 2) — (s, 2)| < Clofccdpon (ps; vs)-

with these we can conclude that

I(f) < Olt% sup dog (s, vs),
s€[0,t]

for any f € bC* with || f||pce < 1 and thus

sup dea (LY, LY) = sup  sup I(f) <CIT|2 sup dyce (e, ).
te[0,T te[0,T] || fllpca <1 te[0,T7]

which proves contraction for small valus of T" for £, now by a classical sequencial argument we may conclude
that there exists a unique flow of marginals (s1)scjo,r) such that [X{] = p, V¢ € [0,T] and thus X* is the
unique weak solution to the MKV SDE. O

5 Appendix

Theorem 7. The bounded a-Holder distance metrizes weak convergence of measures. More precisely given
(tn)nen and p probability measures

d
dpce (pins 1) = 0 py = p.
Proof. The proof will be divided in two steps and is mostly taken from https://sites.stat.washington.

edu/jaw/COURSES/520s/522/H0.522.20/chllc.pdf
1) First we prove that

uniu@»/fdun %/fdu, VS e bee.

If pn 4 p then equivalently [ fu, — [ fu for any function f € bC' which in particular means that it is true
for any f € bC®. The converse is true because if [ fu, — [ fu for any function f € bC'* then in particular it
is true for any f € bLip which by Portmanteau’s theorem implies weak convergence.

2) We will now prove that

/fdun - /fdu Vf € b0 & dyce (i, p) — 0.


https://sites.stat.washington.edu/jaw/COURSES/520s/522/HO.522.20/ch11c.pdf
https://sites.stat.washington.edu/jaw/COURSES/520s/522/HO.522.20/ch11c.pdf

The easy implication is the right-to-left one: indeed by comparison theorem

[ 960 (s (d2) = )| =11l i dice () =0,

i [ () (ka(d) = p(do)) < |l T~ sup

[lgllpca <1

The other way is more challenging, first by continuity from below of probability measures for any fixed ¢ > 0

there exists K a compact set such that u(K) > 1 —e. Let H = {f € bC* | ||f||lpce < 1}, if we restrict each of

these functions on K we have that H|x is totally bounded with respect to the || - ||oc norm by Ascoli-Arzeld’s

theorem, in particular 3k finite and fi1,--- fx € H|x such that for any f € H 3j such that supy |f — fi| <e.
Now if we consider d(z,y) = |z — y| and K¢ = {z € RV | d(z,K) < ¢} and f, f; as before we have

sup |f(x) = fi(x)|l < sup (|f(2) = f(Ya)l + [ (y2) = i ()| + |5 (y2) = Fi(2)]) < sup (2¢* +€) < Cae.
zEK® zEK® zEK®

where vy, is a point in K such that d(x,y,) < e. C, may be taken uniformly of € as long as € < 1.
Let g(z) = max (O7 1 — d=K)

€ )
we have by convergence against bC'® functions that

() > / 9@ pin(dz) > 1 - 2e.

Thus by taking f € H and the associated f; we have

evidently g € bLip C bC'* and 1 < g < 1 k.. Thus by taking n big enough

n ‘ / £5(2) (11n(d2) —u(dw))‘

] [ 10 o) = wtae)| = | [ 760) = 50 () = )

IN

n ’ / £5() (11n(d2) —u(dff))’

/ (F(2) — f;(2))pn(da)

T | Jut@) - Hwwta

IN

+ +

/K (F(2) — f;(2))pin (de)

/(Ke)c(f(m) — [i (@) pn (de)

+ +

#| [ @) = peputas)

| @ - faa
(Ké)c

_|_

[ 556 untate) - u(dw))‘
< Cue® +4e + Chue® 4+ 2e + € < Cre®,

where the last term gets bounded by taking n big enough and by using convergence against bC'* functions, this
gives us the final result. O

Proposition 8. If f is a bC* function with ||f||lpce < 1 then

LY Vel < o,

2. ||Hess VOl f||pe < —S—.

= Je—s'3

Proof. 1. Simply by gaussian estimates (Theorem 20.2.5 of [4])

|02,V f ()] = ‘/8mip”(8,w;t7y)f(y)dy‘

< ¢ /F+(t*s,xfy)|f(y)ldy§ ¢
— S

Vi t—s

2. For the second derivates it is imperative the use of the a-Holderian structure of f

e, V10 = [ amimjp"<s,x;t,y>f<y>dy‘

< ‘ [ Pree 5.3t ) - f(m))dy] n \ [ Oree 5.5t )y @)

S/Iaxixjp”(s,w;t,y)l\w—ylady+ &cwj/p”(s’x;t,y)dy |f(z)]

C
|t = sl

< /F+(t—s,x—y)|m—y\o‘dy+0§



by Theorem 20.2.5 and Lemma 20.3.4 of [4].
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